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SECTION I 

ASYMPTOTIC FORMULAE FOR THE DISTRIBUTION OF HOTELLING'S TRACE 

FOR TESTS OF EQUALITY OF TWO COVARIANCE MATRICES 

1.     INTRODUCTION 

Let m S.  and n S- be independently distributed WCm.p.Z.) and W(n,p,E2), 

respectively.    Chattopadhyay and Pillai  [ 1] have given asymptotic expansions 

for the c.d.f. and percentiles of T = m TrS.Sl    up to terms of order n'    in 

which the noncentrality was denoted by (F) = tr F = tr(B~ A - I) ."the 

deviation matrix", where B = Z~    and A = z'       In their paper; terms involving 

f,.f. .»where f..  is the  (i,j)  element of F, have been neglected.    These terms 
1J   Kl 1} 

are taken into consideration in the section, and noncentrality is expressed in 

the form (Fs) = tr Fs. Table I gives tabulations to show the importance of 

these terms. Furthermore, Chattopadhyay-Pillai (denoted by C-P 

2 
hereafter) expansions are extended to terms of order 1/n . It may be noted 

here that T = nU^ , where U^ is the statistic studied by Pillai [2] for 

the test of Z. =  £., and the power of this test against alternatives of a 

one-sided nature was studied by Pillai and Jayachandran [3] for p=2. 

Recently the exact non-null distribution of Hotelling's trace and tabulations 

of the power of the same test for small and large deviationlof the parameters 

were studied by Pillai and Sudjana [4] for p=3 and m=4. Some power 

«2 
tabulations are presented in Table I  up to terms of order n , which show 

extremely good accuracy compared to the exact values piven by Pillai and 

Sudjana. Some additional tabulations of powers are also presented for p=4. 

2. THE METHOD OF ASYMPTOTIC EXPANSION 

The notations here as well as in the rest of the section follow 

those of [i ] and [5].  In order to describe the method we will first derive 

an asymptotic expansion for the percentiles of T using which we will further 

'. 

.■■-■ .■-.;,'*. • nmaMm 
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obtain that of the cd.f. of T. It is well known [6 ] that the statistic 

X ■ ■ Tr S. A can be writtm as £? X.XJ (n), where x.(«) 's are independent 

central chi-square variables with u d.f. and X.'s, j ■ l,...,p, are the 

characteristic roots of U ■ AB". 

Ut G(e) ■ Pr{m Tr S.A < 28). 

Now note that 

I>r{» Tr SjB < 26) - Gp(e) - [FCP)]
-1
^ iV^dt, (1) 

where p ■ mp/2.    In G(e), as a first approximation, for large n we nay 

replace A" by S, and consider 

-1 G(9) - PT{m Tr Sj Sj < 26), (2) 

Now we «ay, as suggested in [ 5 ]. obtain a function h(S2) in the elements of S. 

such that 

G(e) ■ Pr{a Tr S^1 < 2h(S2)), 

and then write h(S2) as a series with the first ten being a linear function 

of chi-square variables and successive tern of decreasing order of magnitude. 

Ne get 

,-1 ,-1 
Pr{m Tr SjSJ1 1 2h(S2)) - / Pr{m Tr S^1 < 2h(S2)IS2) Pr{dS2), (3) 

where Pr{dS2) is the probability element of the central Wishart distribution 

of S2 and R is the domain of integration of S2. Now we may expand 

Pr{m Tr S^1 < 2h(S2)|s2) about an origin (011.
022,,,,,app'012",,'0p-l.P) 

in a Taylor series, where 

A  - (o^)  i. J - I, (4) 

Thus 

Pr{mTr SjS^1 < 2h(S2)|S2) 

P 

■t«xp[ I    (S^ - OJJ) IJ—]) Pr {m Tr SjA ^ 2h(A"1)) 

 i  __^^M^M«M^—M—«^ 
. 
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- {exp[Tr(S, - A'1) 3]) Pr {■ Tr S.A < 2h(A"1)}, (5) 

trtiere 
3 la  i a 

löH"        Iaoi2 2 affip 
3(pxp) - (i(l * «ij)^-) -|i|^ |^ ^   ,(6) 

i^   a        i^   ^  a  
pi p2 pp 

where 6..   is the Kronecker delta.   Hence substitution of   Eq    (5) into Eq    (3) 

and term by term integration for sufficiently large n gives 

G(0) - / exp[Tr(S, - A'1)3] Pr {■ Tr S.A < 2h(A"1)} PrCdS,} 

R 

■ e Pr{m Tr S.A < 2h(A"1)>, 

where 

8   -exp[-Tr A-^Kr  (n))_1  lA^2. 

| |S2((n-p-l)/2    expCTrC^ d- (n/2)AS2]dS2 

R 

- exp(-Tr A'13]|l -  (2/n) A'1 3|"(n/2), 

Now using [ 7], we get 

8 ■ 1 + ^   ^rs 0tu »st 3ur   + J {I^rsatuV 

3stVwr * I ^rs0tuavw0xy8»t3ur3wx9yv}   * ^'^ (7) 

i*ere Z denotes the ■unMtion over «11 suffixes r,s,..., each of «hlch ranges 

from 1 to p.    Further, we represent h(S,) as 

3 

-..,..^7.:,   -   '...-...-.„^.-^^.■.■^.Lä^ >^-J.J,' 
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h^) -  6+^(8^) + ^(8^)+. (8) 

where h (S2) is of order n~  .    Then Eq    (8) may be substituted into 

Prfm Tr S^A < aMA*1)), and by Taylor's expansion we have 

rls PrCn Tr S.k< 2h(A 1)) 

» expCfh-CA"1) + h,(A'l)+....)D] Pr(m Tr S.A < 26) 

- [1 + {h.CA"1) + h,(A"1)+....)D+ ^(A"1) + 

h2(A"1)+....)2 D2+ ].    Pr{«Tr ^A <2e), 

vhere 

Hence we get 

D-"5e' 

C(9) -[! + -&   odd     +-,{^^000    00    0      * K '     L       n     rs tu st ur       2 l3       rs tu w st uv wr T 
n 

7E0 a^o a öd d d ) + 0(n"3)]ri + h,(A"1)D + 2  rs tu vw xy st ur «x yv   v  'JL   lv" ' 

{h2(i"1)D + K^'1)D2)
 
+ 0(ll"3)] ^ Tr lli5 2e5' 

Now,equating terns of successive order [ 1]. we have 

[.,,(*> + i I o„ata».t»„l Pr {. ir S^ < 2») - 0, 

^^„"t. t1.l
("'"rt(A-l)D+ 2h<«' (*-l) V 

rs tu w st ov wr 

+ 2n2 ^ ''^tuVV-t^Vyv
3 ^ Tr lli^ 29} - 0. 

(9) 

(10) 

(ID 

(12) 

■ MJ       -^   ;-.„.. 
-■■' ——^- J"'*'  

 —^^mä 



^m^mm^^m IH,, ,  I     I i.,..,.    j,,,   ,.„.,, ,,,»,.n .,„,.>. ...„„,,.,,„,,„,,,,„. q^, 

and so on. «here h.^V"1) - ö- h, (A*1) end h^"»^ (A-1) - *   *     h/A-1). 

Hence to evaluate h. (A* ) end h»(A" ) we have to find 

d
9t\r ^C» ^ ^^ 2eJ» a,tduvÖirr ^t* ^bt-2^*'"' *0r thla p'arpose we 

use perturbation technique [ 8 ].    Let 

J - Pr{m Tr S.CA-1 + e)"1 < 28), 

«here c(pxp) Is a syonetrlc matrix sufficiently close to O(pxp).    By Taylor's 

theorem we get 

«75: •«•tu'wV-Vv.V 'ttl' n bt*28'- (13) 

Also by definition we get 

J - 
(211) 

where . S^ - W', Yd«,) .„d R:{Y:m Tr S^K t)^ < 2e}. Now let r(pxp) 

be a nonalngular matrix such that 

and 

^ r' B T - I(W) - D-. 

|r(A-1 + e)-
1r-i(pxp). 

for e(pxp) sufficiently cleee to O(pxp) and D« - dUg (T) 11). 
i      ** ** ^    P 

Is possible as B and A*1 are p.d. 

This 

Let 

y(p«m) - r(pxp) Z(PSB) . 



wmm^m 

Then 

■m) 
-(■|2) 

Gp(e)f 

«here p • «p/2 end E Is an operator such that E G (8) 
P 

E - A -1- 1. 

Then 

|l - D E|/|l - D | - |l - D - D A|/|l - D | 

- |i - [B'^A'1 + O"1 - i]A| 

G ..(9) . How let 
p+i 

|l-XA|f (•ay). 

Hence 

J - |I - XA|-("I2> G (9) 
«#   *w P 

- exp[(-m|2) log|l - XA|] GA(9) 

.-1 
How,l£ B A - I + P such that|ch.(F)| < 1, I - 1 p, then for «(pxp) 

sufficiently close to G(pxp) «e get |ch (X)| < 1, 1 - l,...,p, and 

J - exp{f Tr XA +; Tr X2A2 + f Tr X3A3 + f Tr xV + ) G (9) 

- [1 + f Tr XA + {J Tr X2 + f- (Tr X)2) A2 

2 3 
+ Cf Tr X3 + f- (Tr X)(Tr X2) + ^ (Tr X)3} A3 

2 2       3 
+ Cf Tr XA + Sr(Tr X) (Tr X3) + ?r (Tr X2) 

3 4 
+ M (Tr iL)2(Tr i2) + 384 CTr i)4jA4+ ^ G (e)» 

How,using Taylor's cxpsnsiob for A* + c, we can represent X by 

x - B'^A"1 + «)'1- I 
****** fv *, 

- B'1(A'1 + r « A'
1
)"
1
- I 

(14) 

-.i..n ■ i mi],nrtm*mamm^*mä^äi^^mmm*mmmmmimmm 
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B'^I + Z e   A A^)"   A - I 

B'^I - S «    (A     A) + Z e    t    (A^ A)(A^A) 

- Z e    c, t    (A"1 A) (A'1 A) (A-1 A) 
rs tu vw\X8 J \jcu J MW M 

+ E e
MS..exi„e

w
(AZl A)<A^ A>(A^ A' (ACl A> rs tu vw xy «xs M   jtu M  MW M   ^xy M 

 ) A - I 

- (B^A-I)   - Z «    (B^AHA** A) 

+ £$    cfc  (B'^XA-1 AXA'1 A) rs tu M   M \jrs M   ^u J 

ro tu w M   J X,J:S M  ^tu M \J*0 J 

+ Z «r.«*..«^««^'1 A)V   i AXA"1 AXA"1 A)(A^ A) rs tu w xy M     M   ^-s ^   <*Xu *-   •»AW «#   *Jty M 
CIS) 

«here A  Is pxp matrix obtained by operating d  on A* ; i.e., It has Its 
fXs rs   M 

(l,j)-.Ül element as - (*rl«gi + 
Ä
>i

fi
rj)- ^«».«•Ing the notations 

Tr(A 1 A) - (rs), 
~rs M 

Tr(A"J AXA"1 A) - (rsltu), 
«W^S     M        MCU    *V 

TrCA"1 AXA"1 AXA"1 A) - (rs|tu|w) , 
MiCB   «V      «Jell   «w     «wMr   **■ 

^^i A)(A*i A)(A^ A)(A^ A) " ("Uulwlxy) . 
Tr F (A'1 AXA"1 A) - (p|rs|tu), 

TrCB"1 AXA"1 AXA"1 A) -  (I + P|rs|tu). 
•x     **   »«rs M   ««EU M        MM 

TrCB"1 AXA*1 AXA"1 AXA"1 A) - (I + F|rs|tu|vir) , 

Tr F - (F) 
** M 

Tr F^ ■ (F|F)... or alternatively, 

Tr F* - (Fs)...etc. 

. i . - .„     -■ '■-■ -   ■—*— mmm 
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and •ubttitutlng Eq    (15) into Eq    (14), we get from term by term 

comparison between two expansions of J, Eqs    (13) and (14) after substitution, 

the following: 

d    Pr(« Tr S.A < 29) - -{(f)(I+F|r8)A + C(a)(F|l+P|r8) 

2 
+ (?-)(F)(I+F|r8)]A2 + [(5)(F|P|I+F|M) 

2 3 
+ (jp)  {(F|F)(I+P|r8) + (2)(F)(F|l+F|r8)} +^r(F)2(I+F|r«)3A3 

2 
+ r(?)(F|p|F|l+P|r8) + (^){(6)(F)(P|F|I+F|r8) 

+ (2)(P|F|P)(I+F|r8) + (3)(F|P)(P|l+P|r3)} 

3 4 
+ (?r)C(F)2(F|l+F|r8) + (F|F)(F)(I+F|r8)) + (^•)(F)3(I+F|r8)]A4 

4 ) Gp(e). 

Sl^larly expressions for ö^d^ Pr(« Tr ^A < 28), ^^^ Pr(« Tr SjA < 26) 

•nd ^^^^     Pr(» Tf M ^ 2e) «• available in [ 9 ]. 

3.    AN ASYMPTOTIC EXPANSION FOR PERCENTILES 

OF T=m Tr S^1 UP TO O^'1). 

Now recall that AGp(e) = -Egp(e), where gp(e) = [r(p)]"1 e'9 ep'1, 

and p = np/2.   Also we note here that 

O1 

E   8P(e) " p(p+l)-.-(pfl.l) «p(e) • (16) 

Thu,.  It is possible to write \*w Pr[. Tr S^A < 29] in the following form: 

Vur PrC- Tr S^A < 26] - -   I   k' BJ 8 (e), (17) 

h*m>mta*~*      - ■Jniniiir.nninNlfi riii ruiiMiiMir-i  -—'^-~—-^ 
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nhere Aj'a, J - 1 4|«re also   available in [9]. Also, «e note 

E.     ar8atu (,,tlur) -IPCP* 1), r.s.t.u 

*      Vtu (8t><ur) "P.    S   ^„(»t) -P, r.s.t.u 8,t St 

-    S       CT«^.. CUtXw) - (F), 
r.s.t.u 

£     araatu (F|st|ur) - (F)(p+l)/2, 
r.s.t.u 

•    E       ^a,..,  (FlFlstlur) -^(FjXpfl). 
r.s.t.u    " tu   ~~ 2 .. 

(18) 

r.sft.u ^^ (I,r8,£,tu) " 2((£)2 + <£2».- 

, ...etc. 

As s check for the above relationships, let F(pxp) « I(pxp). Thus U should 

be equal to p.which Is the value of £ a a    (st) (ur). Similarly V and W 

should equal   r p(pfl),which Is the value of £ a a., (stlur). With 
* rs tu 

the aid of these results we can evaluate A''s. J - 1 4, after suomlng 

over all subscripts s. t. u, r. 

Now by using Eqs (11), (16), (17) and (18), and putting 2e=y we get 

'i^-J^ VJ]ve) ^'<e>rl. 
where 

A. ' L 
Jr,s,t.u      J 

have been evaluated and are available in [ 9]. 

(19) 

.*, and A. coefficients 

  —    -   —    1.^^— 
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Ih« «• gtt from Eq (8) the following: 

Tr S,S 

- y + 

s^    -y+2h1(A *) 4.0(n'<e) 

(20) 

Hence we have Che following theorem: 

Theore« 1  Let a S^ and n Sg be Independently distributed W(B,P,B"1), 

WCn.p.A*1), reepectlvely, end let Ich^ (P)| < 1, 1 - l,...,p,»diere B-^ - I+P . 

Then en esyvptotlc expentlon for the percentlle of T - a Tr £.$! le given by 
Eq (20).The following are special cases of Eq 20. 

(U) .!««■, of F,  t.«. ,1k. (O2, („), («(„).....„. drop ^ 

following. 

A, - (l/4>((pfl)  - .((P)(pfl)/2 -H) +  (■2/2)(F)), 

A2 - (1/4) ((pfl) * o(l . 2(p)/p) , Jw,^ nd 

A3 - (l/4)((2)(F).Vl)/p + mnWin* 2(F)/p) 

+ (■ /2)(P))/(«p+2)(«pH)! 

(21) 

end f Eq  (19) •• ft 

\{k'1)m$z A^y^ g (e)Cc'(e)]-1 
(22) 

which agrees with C-P[l ]       to the Indicated order after slapllflcatlon. 

10 

 ■-—l - ■ —.-,..—^~~. 
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Ca«a 2. As deflmd «arller. 

p   2 
y - S X.X,(m) 

J-l J 3 

where X.dn)'« «re Independent central chl-sqtiere variables with m d.f. and 

X.'■ are ch. root« of U ^ A B~ . Another check can be made by putting 

F(picp) • O(pxp). Than 

y - X2(inp) 

Is a central chl-square variable with up d.f. and GO) - G (6). Hence we get 

T - X2 + ^ [((p+t»fl)/(mpf2))X4 + (p-»fl)X2] + 0(n'2) 

2   2 
where X - x (np). This agrees with Ito's result [ 5]  to the Indicated order. 

4. AN ASYMPTOTIC EXPANSION FOR THE C.D.F. 

OF T = m Tr SjS^1 UP TO GOT1) 

In this section we will derive an asymptotic expansion for the c.d.f. 

of T to 0(n ), following the method described earlier. Again we write 

PrC« Tr SjS^ 29) - J Pr{« Tr S^1 < 2e|s2)Pr{dS2) 

- 8 Pr{« Tr S^S"1 < 29). 

From Eq  (7) we get 

Pr{« Tr S.S"1 < 29) - 0(6) * ■'• T a   ^ ö ö G(e) + o(n"
2) 

»J.#«2 n   rs t« «t ur 

- 0(9) - ;[1>1(A'
1)3G'(9) + 0(n"2). (23) 

Ut F(29) be the c.d.f. of T; I.e.. 

F(29) - Pr{m Tr S.s"1 < 29) 
MIMZ 

Upon substituting Eq (19) in Eq (23) and replacing y by 26 we get 

F(29) - G(9) - ^T E A4(29)
J"| g (9) + 0(n"2) • 

J-l J      p 

Hence we have the followinj? theorem: 

11 
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ThaorMi 2.     Under the etsuaptlon (1) of Theore»    1, the asymptotic expansion 

fot c d.£. of T 1« given by   Eq    (24). 

SxMciMl case«: 

1.    Upon neglecting all texma Involving f ..£.., «here f.. is the (ij) element 

of F, we get from  Eq    (24) 

F(2e) - G(9)  - ^T E   A.(29)J] gA(e) + 0(n"2), 
n j«l    J J    P 

where A 'a, ] - 1,2,3 are the sane as in  Eq (21), and this agrees with 

C-P [ 1]  to the indicated order after sone simplifications. 

2. Again we put F(pxp) • O(pxp), «r.d we get 

F(20) - Gp(e) - ^C(p-mfl)e + 2((i>HH-l)/(mpf2))e2] gp(e) + 0(n"
2), 

and this agrees with Ito's result [5 ]  to the indicated order. 

5. AN ASYMPTOTIC EXPANSION FOR PERCENTILES 

OF T - m Tr S^1 TO 0(n"2) 

.2 
Here, using the technique stated earlier, we obtain the terms of order n 

The results of the third and fourth derivatives of G(6) as it stands are not 

convenient for practical use. In order to make some simplifications we assume 

that terms involving fHifkl are negligable, where f.. is the (i,j) element of 1J Kl Ij 

the deviation matrix F. From the third and fourth derivatives given in [9] 

and from Eq (12), using a technique similar to that of [S], we get after 

tedious simplifications 

>.2(A 
l)  - 

where 

4 5 

^ i B'yJ g,«nrG'(9)rl--Ij r c yJg (eKG'ce)]-1. (25) 
48n  J-l ] 8n' j.x J  P 

Bj • 6^+ 24(CJ
(2)/2i) - 64(cjl)/lJ), J - 1 4- (26) 

The coefficients cf1^ and cj2^ are given in Eq (32), but the bj's and C.'s 

are listed below- 

12 
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b{ - 7p2 + (-12iBfl2)p + (Tm-l2mH\ 

b2' • (l3p2+24p-ll«247)/(Bpf2), 

b3' - (4iiip3+2(3m2+3i»flO)p2+2(2m3+3iii2+17m 

+ 18)p + 4 (5m2+9rt-2))/(mp+2)2(Bp*4), 

b4' - 6 (p-1) (pf2) (m-1) (^2) / (1^2)2 (■p44) («pf6X 

C, - (F)((p-mfl)((m2/8)p(p+l) - (in3/8)p) -h (-(n/4)p. 

(pfl) -«■ (m2/4)p)(-(m/2)(iH.l) + (m2/2))), 

C, - (F)((p-mfl)(-(m/8)(p+l) + (m/2)/p + (3«i-/8)) 

+ (p+iiH-l)((m2/8)p(p+l) - (m3/8)p) + (-(m/4)p. 

(pfl) + (ni2/4)p)(-(2m)/p-m2)/(mpf2)  - (m/2)(-(m/2) 

(IH-I) + (m2/2))X 

C   - (F)((p-mfl)(-(pfl)/2p - (■/8)(FH-l)-m/p-(3m4/8))/ 

(iiipf2) + (p*iafl)(-(«/8)(pfl) + (m/2)/p+ (3m2/8))/ 

(mpf2) + (p-mfl)(-(m/8)(pfl) + (m/2)/p + (3«2/8)) 

+ (-m/2)(-(2m)/p - (m2))/(miH-2) + (-(m/2) (pf 1) 

4  (m2/2))((pfl)/4 + (n/4)p)/(mpf2H 

C.  - (F)((p-«fl)((pfl)/2p + (m/8)(pfl) + (m/2)/p 

+ (M3/8))/(mpf2)(mp+4) + (pf«fl)(-(pfl)/2p 

- (m/8)(pfl)  - (m/p) (3m3/8))/(«pf2)2 +(-m/2) 

(2(pfl)/p + m((pfl)/l + (2/p))4»Z)/(Bpf2)(mpf4) 

+ ((IH-1)/4 + (m/4)p)(-(2B)/p - m2))/(mpf2)2) 

and 

(27) 

13 
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C5 - (P)((pHH-l)«iH.l)/2p + («/SXpfl) + (mm/p 

+ (m3/8))/(iap+2)2(«|H4) + ((pfl)/4 + (m/4)p) 

(2(iH-l)/p + m((pfl)/2 + 2/(p) + (m2/2))/(B|H.2)
2(«p+4). 

Now we substitute Eqs (21) and (25) into Eq (8) to get 

T ■ » Tr bh1' y + ^i^'1) + ^t1* + 0(n'3) 

" y + n     ^     AiyJ g^^CG'ce)]"1 f -^r     S   t'J, 

8p(e)[G'(e>r1 . -L r c. yJ gC^rc'fe)]"1 + ocn-3) 
4n    j«l    J p (28) 

where A 's are given by  Eq (20).  The B!'s and C.'s are given above, and we 

get as a final result the following: 

Theorem 3.    Let nS, and nS. be independently distributed Wda.p^   )  and 

W(n,p,A   ), respectively, and let 

(1) B^A = I+F and |chi(F)| < 1,  i - l,...,p, and 

(li)  terms involving fiJkl ^ negligable, where f,.  is the (i,J) 

element of F.    Then the asymptotic expansion for the percentile of 

T - m Tr ^s!1 is given by Eq    (28). 

6.    AN ASYMPTOTIC EXPANSION FOR THE C.D.F. 

OF T = m Tr SjS^1 TO ORDER n"2 

Here we will derive an asymptotic expansion for the c.d.f. of T 

following the methods described in the previous pages.    Again we write 

Pr{m Tr SjS^1 < 29} = /R Pr{m Tr S^1 < 26} Pr{dS2) 

= e Prim Tr S.A £ 29}. 

14 
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From Eq    (7) we have 

Pr{n Tr S s!1 < 29) . 0(9) + -*•   E o   a   d   d 
«J-rf n re tu it ur 

G(9) + -^ E a^a^a^^^ 0(9) + 

^2   E 0t-atuavw
CTxyd.tÖurVyvG(e) + 0^"3)- (29) 

Ut F(2e) be the c.d.f. of T, I.e.. 

F(2e) - Prf« Tr S^1 < 26). 

Upon lubetitutlng     Eq  (19) and results from ( 9] we get after tedious 

simplifications the following: 

4 
F(2e) .0(9) -i[r A. (29)J]g (9) - 

" J-l J       0 

Wr
).

I
l
BJ(e)J]'p(,,)t0te'3) 

and 

(30) 

Bj - bj - 64Cj
a> + 2^\ 

(31) 

■ 

«here the coefficients A **, are available in [ 9] and the rest of the 

coefficients are listed below: 

15 
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bj - -(3«p3 - 2(3«2-3^4)p2 + 3(«3-2«2+5«-4)p - 8m2+12»f4)   , 

b2 - -2(3«p3+2(3m2+3i«-4)p2 -3(3«3-2m2-5»f4)p - 8m2+12nf4)/(mi>f2) , 

b3 - 4(3inp3 - 2(3m2-3m-4)p2 - 3(3m3+2m2+llm-4)p - 40m2 - 36ffl - 4)/ 

(■pf2)(inpt4). 

b^ - 24(mp3+2(m2+iiit4)p2 + (m3+2m2+2lmf20)p + (8m2+20»f20)) / 

(ap+2)(mprM)(mpf6), 

„(3) 

,(1) 

- (F>(.(«/16)(p2
+3pfÄ) ■»  (3a2/8)(pfl)  - n

3/8). 

C)1'  «  (P)r(-3/2)(p%3pM)/p -  (3m/2)(pH)/p 

-    (3m2/4)(pfl) + itof/D/p* (3m3/4))/(inpf2), 

C,(1) « -^)((6in)(p+l)/p f  (3B2/2)(pfl) + (6m2)/p 

+ (3m3/2))/(mp+2)(mp*4), 

c/0 - (F)((6)(p2+3|rt4)/p+ (m/2)(p2+3iH4) 

+ (18m)(pfl)/p+ (3m2)((H-l) + (6m2)/p 

+ (» ))/(a|H-2)(mp*4)(ap^K 

C,(2) - -(F)(2(2p2+5pf5)/p + fo/Z) (2p2+5pf5) 

t  (8m)(pfl)/p -f <m)<p3+2p2-.3,M-2)^ + (m2) 

(p2+lH4)/p + (m3/4) (p2+p^) + (m3/2)), 

C,(2) -  (F)((16)(2p2+5p+4)/p + (2o) (2p2+5p+5) 

+ (60m)(pfl)/p*  vftni)(p>?|*24V2)/p 

+ (6m2) (pf 1) + (mh (pJ+?p2+3|H-2) + (9m2) 

(p2+1>M)/p + Om3/») (p2+pM) + (3mJ))/(mpf2)  , 

cj2) - -(F)((48)(2p2-».5|H-5)/p + (8m)(2p2+5pf5) 

+ (I92m)(pfl)/p ■K28m)(p3+2p2+3pf2)/p 

+ (24m2) (pH) + (4mZ) (p3+2pZ+3pf2) + (Urn1) 

2         ,. 3_ 2    ...   .   ., 3 

^(PV2 

(pZ+P+4)/p + Om3) (p2-»pM) + (6mJ))/(mpf2)  (miH4) 

16 
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and 

C42)  =  (F)((64)(2p2+5p+5)/p +   (8m)(2p2+5p+5) 

+  (208m)(p+l)/p +  (32m)(p3+2p2+3p+2)/p 

+  (24m2) (p+1) +  (4in2) (p3+2p2+3p+2) +  (20m2) 

(p2
+p+4)/p +  (2m3)(p2+p+4)  ♦  (4m3))/(mp+2) 

(mp+4)(mp+6). 

Then, we have the following final form: 

Theorem 4.    Under the same assumptions of Theorem 1, the asymptotic expansion 

_2 
for the c.d.f. of T        to 0(n    )  is given by Eqs    (30),   (31)  and (32). 

7.     NUMERICAL STUDY OF POWERS AND ACCURACY COMPARISONS 

To show how the accuracy has improved by introducing the terms involving 

f. .f.. »where f..  is the (i,j)  element of the deviation matrix F.as well as 
1J   Kl 1J 

_2 
terms of order n , some numerical results are presented in this section. 

Some comparisons may be made from Table I between the exact and approximate 

powers of T when p-3 and m=4 for n-34 and n=84. Values of the exact powers 

in the table are taken from Pillai and Sudjana [4]. Our expansion^which is 

given above by Eqs (30), (31) and (32),is used for the computation of 

-1       -2 
this table up to 0(n ) and 0(n ). To illustrate the usefulness of the 

neglected terms in the C-P approximation [1] values using their approximation 

are given in ( ) in the table.  It may be observed that their values differ 

considerably from the exact while our improvement leaves practically very 

little error. One can see from Table I that the approximation given by 

Chattopadhyay-Pillai   to order 1/n is not very good even after adding 

terms of order 1/n'. Again from Table I it is obvious that the accuracy 

given by terms of order n" is not enough even after including those 

_2 
f. .f.. terms,and the usefulness of terms of order n  is also considerable. 

Further power computations have been carried out for p«3 and p=4 and 

presented in [9]. For tabulations of powers, the upper five percent 

points were taken from Davis [10]. 

17 
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TABLE I 

TOE COMPARISON BETWEEN THE EXACT AND APPROXIMATE POWERS OT T-TEST 
FOR p=3, in»4, a=0.05 AND FOR EQUAL DEVIATION PARAMETERS. 

<D 
Up to the 

order n-34 n 84 

O.OOl 0(1) 0.013 0.031 

0(n"1) 0,036 0.048 

OdT2) 0.049 0.0501 

Exact 0.050 0.0501 

0.150 0(1) 0.019 0.043 

OdT1) 0.049 (0.052) 0.063  (0.065) 

0(n'2) 0.064 0.065 

Exact 0.064 0.066 

0.500 0(1) 0.040 0.079 

OdT1) 
0(n"2) 

0.091 

0.107 

(0.097) 0.108 (0.115) 

0.109 

Exact 0.102 0.109 

1.000 0(1) 0.087 0.150 

OdT1) 0.179 (0.178) 0.188  (0.206) 

OdT2) 0.202 0.189 

Exact 0.J73 0.189 

The figures In (   ) are coaputed ueing Chtttopadbyay-Plllal expansion. 
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SECTION II 

ASYMPTOTIC FORMULAE FOR THE 
PERCENTILE AND C.D.F. OF HOTELLING'S 

TRACE UNDER VIOIATIONS 

1.  INTRODUCTION 

In the previous section, asymptotic expansions for the distribution 

and percentile of the statistic T = m Tr S.Sl have been obtained up to 

2 
terms of the order 1/n , where mS, and nS- are independently distributed 

central Wishart with m degrees of freedom and covariance matrix 

Z.,YI(m,p,Z.),  and with n degrees of freedom and covariance matrix E2, 

WCn.p,!,), respectively. Further, denoting the non-centrality by 

(F) « TrF = TrCB^A-I), where Z"1 = B and Z^1 = A» we also included 

terms involving f.4fkl, where f. . is the (i,j)-th element of F, which 
11    Kl Ij —~ 

were previously neglected by Chattopadhyay and Pillai [1].    In this 

section again we extend the work of Chattopadhyay [11], who derived an 

asymptotic expansion up to terms of order 1/n, neglecting f-fkl terms 

for c.d.f.  and percentile of the trace statistic when mS. has non-central 

Wishart distribution with m degrees of freedom, covariance matrix Z.  and 

non-centrality parameter fi, Vim,p,Z.,il) and nS, distributed central Wishart 

W(n,p,Z2).    The extension in this case is to include the f--fkl terms 

neglected by him.    It may be noted that these terms were found to improve the 

expansion in the previous section.    The results are helpful for the study 

19 

"    ..■ -■»l.^HJfcljl JWtW 

-       ■-■-   -■ - ———^~— 



w*mm mmm ■ epppn^B^mn up; «mn ^"'^» i 

of the violatipn of   a)   the assinption of a cowman covariance aatrix in 

the NANOVA test based on the trace statistic and b) the normality assump- 

tion in testing £. > Z.*     For t. ■ I , asymptotic expansions of the 

non-central c.d.f. have been studied by several authors [12] and [13], 

2.    THE METHOD OF ASYMPTOTIC EXPANSION 

The notations in this section generally follow those of the previous 

section and other papers referred to earlier [1],  [ 5J, but additional 

notations will be introduced here.   The method herein is also to obtain 

an asymptotic expansion for the percentile of T first, and use it to 

derive an expansion for the c.d.f. of T, where T may be defined as 

follows: 

Let Z > (Zj,...,^) be a pxm matrix of independently distributed 

columns vectors,where z^ has the density Nty-.E.), i > l,...(m.   Then 

we may define T - Tr Si ZZ ■     7   z'Sl z. where nS, is distributed "•*       jTi -i'2 -i -2 

"(n.p^j) independently of Z. 

Now, if S~   is replaced by B in T, then Tr BZZ' is distributed as a 

non-central chi-square with mp degrees of freedom and non-centrality 
2 

parameter w  , where 

w2 ■ Tr BMM» - Tr ß 

\t • {V!»...,^,,) f« 0, p ■ mp/2 

we may note that 

Pr{Tr BZZ« < 6) 

■ e ',2   I        J.W     f^-1,-*"* 
j.o  j^^rCp+j) o 
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np 

where   G    (e.u ) is the c.d.f. of non-central chi-square,   with np 
2 

degrees of freedom and the non-centrality parameter u . 

Let 

G(e) ■ Pr{Tr AZZ' ^ 6). 

As a first approximation, for large n we may replace A~ by S» in 6(6), 

and consider 

G(e) ■ I>r{Tr Sj1 ZZ' ^ 6). 

Furthermore, as suggested by Ito [ 5], obtain a function h(S2) of the 

elements of S. and n large enough such that 

G(e) - Pr{Tr sf ZZ' lh(S2)} (33) 

and then write MS.) as a series with the first term being a linear 

function of non-central chi-square variables and terms of decreasing 

order of magnitude. 

Now   Eq    (33) can be written such that 

G(e) -Eg {Pr[Tr s'1 zz« < My/y). (34) 

-1 By using Taylor's expansion it is possible to expand Pr[Tr S* ZZ' <^ 

h(S2)|S2] about an origin io^t...,a   pO^f^o   ^   ), where 

A'1 ■ (^ij) J  U.J) " (1.--..P)- (35) 

Thus, 

21 
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PHTr Sj1 ZZ« lh(82)|S2} 

- {explTr(S,-A"1)a]Pr{Tr AZZ« < hCA"1)}, 

»(W) • (id»«!,) ^ 

and fi.. is the Kronecker delta.    Hence 

where 

(36) 

(37) 

where 

G(e) - 0 • Pr{Tr AZZ' < h(A"1)} 

e-exp^TrA-^II-iA-Hr^^ 

■ 1 4 Ks0t«85taur + 0^ 

(38) 

(39) 

where £ denotes the sunation over all suffixesr,s,..r, each of which 

range froa 1 to p. Expanding h(S2) around 8 gives 

h(S2) - 6 ♦ hj^) ♦ h2(S2)+... (40) 

where h (S.) is 0(n's).    Proa   Eqs    (38) and       (39) and expanding 

h(S2) around h(A~ ) we can get 

6(6) - [1 ♦ J I<»rsotu»staur ♦ 0(n"2)l[ 1 ♦ hjCA'^D ♦ OCn-2)] 

I>r{Tr AZZ« < 6), 

where D ■ TT-, and by equating teras of successive order we get 

[hjtA'^D ♦ i I0rs
0tuast3urll>r{Tr ^?, i e> " 0- (41) 

For the purpose of evaluating 3st3ur MTr AZZ' <^ e} we will use the 

perturbation technique [ 8J. 
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J - PrdrtA'1 ♦ e)"1 ZZ« < 6} (42} 

(43) 

where e(pxp) is a syatetric aatrlx sufficiently close to O(pxp) 

Following [11], [ 5] and [13], we get 

J - |I - ttl-W lxp[-w
2/2] 

Exp{(l/2)B Tr(I - ^'^G    (6,0) 
Mr 

where A - E-l, BrG    (e,w
2) - G       ^B^2) end 

X - TV1 ♦ e)"1 - I 

^Vtu^^^HA^iA)-... 

idiere A^J is the pxp Mtrix with (i,J)-th element (1/2)(6
ri

Ä
$4 ♦ 6

ri6si^ 

Also by Taylor's theorem J can be expressed in the following fom 

J-{1^ersars + irKsetu3rs3tu+-} 

Pr{Tr AZZ' < 1} (44) 

Now,if B" A-I ■ f such that  Ic^CF)! < 1, i ■ l,...,p, upon using the 

notations 
Tr^„ A) - (rs) 

Tr(A;jA)(A^A) - (rs|tu) 

Tr(F)(A;jA)(A;jA) - (F|rs|tu) 

Tr(B'1A)(A:J A)(B"1A)(A;i A)  - (I+F|rs|l*F|tu) 

Tr(P2) - (F2). Tr^») -  (F2),... etc. 

23 
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and substituting X in Eq (43)    tern by ten coaparison between the 

two expansions of J, Eqs (44) and (43) t  after substituting X will give 

the second derivative «^„yMA??' <, 6),which can be written in the 

following for«: 

6 
8staur |,r{^?, i e} " 2'10 

k%/^^ (45) 

where 

A^ - (J){-2(I*F|rs|tu) ♦ (I+F|rs|l*F|tu) 

* 2(F|W|rs|tu) - 2(F|l+Flrs|l*F|tu) 

.2 
- 2(F|P|l*P|rs|tu))* (5-){(I*P|rs)CI*P|tu) 

♦ 2(F)(I*F|rs|tu) - (P)C!+P|rs|l*P|tu) - 2(F)CF|l+P|rs|tu) 

- 2(I*P|rs)(P|l*F|tu) - (F2)(I*P|rs|tu)) 

- (feK(P)CI*P|rs)(I*F|tu) ♦ (P)2(I*F|rs|tu)) . 

Other At's coefficients are available in [14]) [15]. 

3.    AN ASYMPTOTIC EXPANSION FOR THE 
PERCENTILE OF T ■ Tr S"1 ZZ« 

Recalling that G   (e,M ) is the c.d.f. of the non-central chi-square 

distribution with np degrees of freedoa and non-centrality paraaeter 
2 

M ,we nay note that 

*Ve.«2) -G^j^e.o,2). 

Hence, it is possible to rewrite Eq (45) in the following for«. 

'stV**??' i e> * 2   I   AJV2J(e'M2) * (46) 
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Again, we note 

r Au0»t0«(rS|tU)'^P(P+1)' 

Itfrs(rs) ' p' ^0$t0ur(rs) (tu) " p' 

u " I0st0ur(f|rs)(tu) " W* 

v " Iff«t0ur(!'?'rsltu) ' l(?2)(P+1)' 

w " ^ost0ur(?'rs'?'tu) " jK?>C^ + (f?F)l....etc. 

As a check for the above relationships, let F(pxp) • I(pxp) and 

O(pxp) ■ i(pxp); thus u should equal to p, which is the value of 

Xostour(rs) (tu).    Similarly v and w will be reduced to Zo   <J    (rs|tu) 

equal to l/2p(p*l):   With the help of the above relationships, it is possible 

to   evaluate   the      AJ's, J ■ 0,...,6, after suaaing over all subscripts, 

r, s, t, u. 

Now by using Eq (41) and the above coefficients we get 

-h.CA'^D Pr{Tr AZZ« < 6} 
1  *     4 ""■   ' 

where 

1    6 

+ "ioAjCB,P)V2T(e'tt)' 

*o " "PCn-P-D 

«! - -2«(^p-tt
2), 

a2 - ■p(»*p*l)-2(2«*p+l)w
2 ♦ tr 02. 

a3 ■ 2{(«*p+l)w
2 - tr Q2}, 

*4 " *' O2. 
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•^   AJ "     A M 
0rs0tuAJ r,stt,u 

J ■ Ot..•(6) 

The above can be simplified after tedious algebra, and it can be 

written in the following siaple expression. 

J     k-0       J* J m Ut1,•••,6« (47) 

Some of the A., •s are listed below and the rest are listed in [14] 

A00 " 0» 

A01 - -(1/4)[2[(P)2*(FS)1(P*1)*I(F)2*(F2)*2(F2)(F)+2(P3)]). 

^2 - (1/«)[((F)P-2(F)2-3(F)(E2)-(P2)2](P*1) 

- [(F)3*(P)(F2)*6(F2)*4(F3)]], 

;03 - -Ci^Id^tmVcn'Kp+D+CPD^CF)2*^)^2)]. 

AJO • {-S(9)l(F2)*(F3)l - S[(0P2) ♦ (QFS)J). 

All ■ {[24(P2)*18(P3)*(0)(FS) ♦ [(5/2)p*S(F2)*3(P3)].  (QP) 

♦ [-(S/2)p ♦ S(P)*S(P2)](OP2) ♦  [Sp+SCFDKQF^Kp+i) 

♦ I(9/2)(F2)2*(45/2)(P)(F2)*19(F)(F3)](Q) ♦ [(5/2)(F)2 

♦ (9/2)(P2)*3(F)(P2)*4(P3)](OP)*[6*21(F)+(S/2)(F)2 

♦ (9/2) (P2)] (nF2)*[18(P)*54] (OP3)+36 (QP4) ♦12(F)2 

♦ 12CP2)*18(P)(P2)+18(P3))/(12). 

A12 ■ ([-(P)p*3(P2)p*8(P)2*9(P)(P2)*I(P)(P2)-(P2) 
*m * mm mm mm m 
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♦ (F)21 (0)/2*[-(F)i>*2(P)2*S(F)(P2)*(F2)l (0F)/2 

♦[(P)P*(P)21(0F2)1.   (p*l)*[-2(F)*(F2)-(l/2). 

(F) (P2)*^)^^2) (P)2*(F)31 (9M-p*2(F) 

♦ (9/2)(P2)*2(F)2+(P)(P2)+2(F3)*(F)3/2] (OF) 

♦ (p*12(P)*(S/2) (F)2*2(F2)] (OF2)*6(QF3) (P) 

♦ 4(F)*20(F2)*12(P3)}/(8), 

A13 " <r9(P)V(F2)(F)2*(l/2)(n)(F)3*I(F)2+(F)3].   (3(nF)/2)).(p+l) 

♦ [5(P)2*(l/2) (F)4] (fl)*[3(F)p*12(F)2*3(F) (F2) 

♦ (1/2) (P)31 (QP)*5(QF2) (P)2*18(F)p*36(F)2 

♦ 18(F2)(P))/(48). 

^o " {-(9?2)(P*i)*[*(?)+«(?2)+56(F3))(n) 

♦ [4-3(Q) (F)-3(ö) (F2)] (nP)*(38-(Q) (P)] (flF2) 

- 3(8P)2*28(QP3)-4(np4)*(npo')*(fl'Fn) 

♦ (n'P2n)-4(0F)(0F2)>/(4). 

A21 - {[-8(F)-40(F2)-24(F3)*(O)[4(F)-2(F2)-(16/3)(P3)] 

♦ I-2p-20(F2)-16(F3)l(flP)*[4p-20(P)-16(F2)](OF2)-(16) 

[P*(P)1 (9?3)+[-P/2*(F)*(F2)l (OP)2*[2p+2(F)] (OF) (flF2) 
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♦ (0) (??) (?2)) (P*1)-[8(F)2*1S4(F) (P2)*^{P)(e3)*24(p2)2] (Q) 

- [8(F)-16*10(F)2*36(F2)*|i(F3)*16(P) (F2)] (QF) 

- 164+98(P)+32(F2)+8(F)2] (QF2)-[312*96(F)] (W3) 

- 192 (flF4) ♦ [4+6(F)♦ (3/2) (F2) ♦ (1/2) (F) 2] («F) 2 

♦ [-4+6(P)2*7(F)(F2)](Q)(nF)-20(F)2-20(F2)-24(F)(F2) 

♦ 24(nF')-24(F3)*[-2(F)+(F)2](nFn')+[6(F) 

♦ (F2)] (O'PO)♦[14(F)♦(F2)] (n«F20)*[28*6(F)] (OF). (OF2) 

♦ 12(nF)(ßF3)*[-2(F)*(F2)l(fl,9)*8(F)(n«F3fl) 

♦ 4(n)(nF2)+4(nF2)2}/(i6). 

A22 " n-4(?)P-40(?)2-36(F)(F2)-12(F2)p-[8(F)(F2) 

♦ 2(f)2] (fl)♦ [4 (F)p-20(F) 2-24(F) (F2) -8(F2)p] (OF) 

- 16[(P)p*(F)2l (9F2)*[(P)P+(F)21 (nF)2*(9) (AF) (F)2]. (p*l) 

♦ [24(F)-16(F2)-15(F)3-32(F2)(F)2](n)*[12p-8(F)3-32(F3) 

- 24(P)-84(F2)-26(F)2-16(F)(F2)l(nF)-[16p*200(F) 

♦ 32 (F2) ♦24(F)2] (nP2)+[p+10(F)*(F2)+(F)2] (OF)2 

- 32(F)-88(F2)-12(P)3-12(P)(F2)-48(F3)-32(F)(nF') 

- 64 (F) (OF5) ♦ (0 • 0) (F) 2* (OPO') (F) 2* (0 • FO) (F) 2 
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♦ C?'?2«) (F)2*4(9F) (P)*4(QF) (OF2) (F)}/(32). 

A23 - -{[[(3/2)(F)V(V2)(F)S](flP)*(l/2)(0)(F)3l.(p*l) 

♦ [S(P)p*12(F)2*3(F2)(P)+(l/2)(P)3l(OF)*(3(F)2+(l/2) 

(F)4)(0)+3(P)2(QP2))/(12), and the rest available in [76]. 

As an imediate result h(S2) can be expressed in the following Banner 

h(s2) • e-[^ I  ajC.rtG^yCe.«2) 

* ^   I   AjV2j(e'A"G,(e)J'1* 0(n"2^ (48) 

Recall that e is the appropriate percentile of the linear function of 

a non-central chi-square variable of the for» Y ■   T   X4x.(■,«), the 
j-1   J 3 

X.'s are the characteristic roots of AB     and G(e) is the c.d.f. of 
j 

Y in tens of the percentile.   Finally, we can state the following 

theerea: 

Theorea 5.   Let Z • (Zj,...,^) be a pxa randoa aatrix of independently 

distributed colunm vectors,where ^ has the density NCy., L-B"1), and 

nS2 distributed central Wishart W(nfp,J2 ■ A"1).    Under the assumption 

that B^A - I+P and (Chj (P)| < 1, i - l,...,p, an asymptotic 

expansion for the percentile of T is given by Eq    (48). 

The following are special cases of Bq   (48). 

CaseJ^.    «Then tens involving fjjfj^ «re negligible, where f^ is the 

(i.j) element of F, tens like (F)2,  (F2) and (n)(F3)   can   be dropped. 
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Consequently |A6 disappears and A., A. up to A5 are reduced drastically 

and, finally, Eq    (48) agrees with the result of Chattopadhyay [11] to the 

indicated order. 

Case 2.   Under the equality of the two covariance natrices. the deviation 

matrix is zero.    Putting (F) ■ 0 in Eq.   (48), we get Eq    (6.4) of 

Siotani [13]. 

4.    AN ASYMPTOTIC EXPANSION FOR 

THE C.D.F. OF T - Tr S'1 ZZ« 

In the following an asymptotic expansion for the c.d.f. of T to 

0(n' ) is derived by using the method described earlier.    Also, 

it is possible to write 

Pr{Tr S^ZZ' < 6) - / Prdr S^ZZ» < elsJPrCdS-) •2 --    — 1 -2 --    —    '-2 -2 

- 8 Pr{Tr AZZ« < e) 

where 8 is given by Eq (39).    It follows that 

PrCTr fftr i «> - 6(6) - ^hj^^JG^e) ♦ 0(n"2) 

Under the assumptions of Theorem 5   , we get 

MTr   f2
lZZ' < 8} - G(e) ^   I   •jCm.p^^e.a,2) 

+ " JoAjG-P+2J(e'tt2)+0(,l"2)' (49) 

where the a.'s and A,^ are presented earlier and G(e) and G   (e.u2) 
j j mp ' 

are defined earlier.    Then it follows: 
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Theorem 6.    Under the assmiipu ;LS of the previous theorem, an asymptotic 

expansion for the c.d.f. of T is given by Eq    (49). 

Similarly we can get the two special cases, as we pointed out in 

the previous pages. 

5.    NUMERICAL RESULTS 

The expansion given by Eq    (49) has been used here to compute 

the powers of the test when the departure from the null hypothesis 

occurs.    The following table shows these powers.    For this tabulation, 

the upper five percent points were taken from Pillai and Jayachandran 

[16]. 
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TABLE II 

POWERS OF T TEST UNDER VIOLATIONS FOR p»2, in=3, a=0.05 
WHEN TOE DEVIATION MATRIX HAS EQUAL DEVIATION PARAMETERS 

Ü). 

.0001 

0   .005 

(?) 
Up to the 

order 
n « 83 

.00001  0(1) 

0(n_1) 

.00001  .00015  0(1) 

OdT1) 

.005    0(1) 

od»"1) 

.0379288 

.049277 (.049273) 

.037942 

.049296 (.049344) 

.038399 

.049433 (.04977) 

.00001  0(1) 

Od»"1) 

.00015  0(1) 

od»"1) 

.005 0(1) 

Od»"1) 

.03793 

.049279 (.049276) 

.037945 

.049300 (.049347) 

.038403 

.049636 (.05182) 

.00001  0(1) 

Od»"1) 

.00015  0(1) 

Od»"1) 

.005 0(1) 

Od»"1) 

.038085 

.04944 (.049455) 

.038098 

.049437 (.049475) 

.038557 

.0499188 (.05200) 

The figures in (  ) are computed using Chattopadhyay expansion [11]. 
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